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A Euclidean lattice L is a discrete subgroup of (Rn , +), and it can be characterized as the set of integer linear combinations of some d ≤ n linearly independent vectors:
d
M
L=
Zbi .
i=1

{bi }di=1

is called basis of L, and is represented by a matrix B having as
The set
columns the bi ’s. Each matrix of the form BP , with P ∈ GLn (Z), represents a
basis of L. A lattice can have bases with arbitrarily long and skew vectors. See
figure 1.
By lattice basis reduction we mean solving the following problem: given a
lattice basis formed by long (and probably skew) vectors, compute a basis formed
by short (and quite orthogonal) vectors. This problem plays a primary rôle in
many areas of computational mathematics and computer science: for instance,
modern cryptanalysis [10], computer algebra [16], integer linear programming
[9] and number theory [3].
In the two-dimensional case, there exists an algorithm due to Lagrange and
Gauss which computes a minimal basis (i.e., a basis formed by shortest possible
vectors) in linear time: it is a generalization of the Euclidean algorithm. This

Figure 1: A lattice of R2 , and three of its bases. The area of the parallelogram
determined by each basis does not depend on the particular basis.
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PGauss(u, v)
Input. A basis (u, v) with |v| < |u|, | (u·v)
|u|2 | ≤ (1/2), det(u, v) > 0.
Output. A minimal basis (u, v) with |v| ≥ |u|, det(u, v) > 0.
While |v| < |u| do
(u, v) j:= (v,m−u);
m :=

(u·v)
|u|2

;

v := v − mu;
Figure 2: One of the variants of Gauss’ Algorithm which is used in our analysis.
This variant preserves the positive orientation of u and v, that is, it mantains
the invariant det(u, v) > 0.
algorithm is in a sense optimal, from the points of view of time-complexity and
quality of the output. For a precise description of Gauss’ algorithm, see figure
2.
For n ≥ 3, the LLL algorithm [8] due to Lenstra, Lenstra and Lovász,
computes a reduced basis of an n-dimensional lattice in polynomial time. When
n = 2, reduced basis means minimal basis. When n ≥ 3, even if we have
guarantees of quality, we don’t know the expected quality of a basis nor the exact
complexity of the algorithm (even in the worst-case, and for small dimensions).
The LLL algorithm uses Gauss’ Algorithm as a main procedure.
Even if the understanding of Gauss’ Algorithm is important in itself, the use
that LLL makes of it boosts significantly its interest. The survey [14] develops
this topic.

Previous results
Gauss’ algorithm has been analyzed in the worst case by Lagarias, [6], then
Vallée [12], who also describes the worst-case input. Then, Daudé, Flajolet
and Vallée [4] completed the first work [5] and provided a detailed average-case
analysis of the algorithm, in a natural probabilistic model which can be called a
uniform model. They study the mean number of iterations, and prove that it is
asymptotic to a constant, and thus essentially independent of the length of the
input. Moreover, they show that the number of iterations follows an asymptotic
geometric law, and determine the ratio of this law. On the other side, Laville
and Vallée [7] study the geometry of the outputs, and describe the law of some
output parameters, when the input model is the previous uniform model.
The previous analyses only deal with uniform-distributed inputs and it is
not possible to apply these results “inside” the LLL algorithm, because the distribution of “local bases” which occur along the execution of the LLL algorithm
is far from uniform. Akhavi, Marckert and Rouault [2] showed that, even in the
uniform model where all the vectors of the input bases are independently and

2

uniformly drawn in the unit ball, the skewness of “local bases” may vary a lot.
It is then important to analyse the Gauss algorithm in a model where the skewness of the input bases may vary. Furthermore, it is natural from the works of
Akhavi [1] to deal with a probabilistic model where, with a high probability, the
modulus of the determinant det(u, v) of a basis (u, v) is much smaller than the
product of the lengths |u| · |v|. More precisely, a natural model is the so–called
model of valuation r, where


| det(u, v)|
P (u, v);
≤ y = Θ(y r+1 ),
with (r > −1).
max(|u|, |v|)2
Remark that, when r tends to -1, this model tends to the “one dimensional
model”, where u and v are collinear. In this case, Gauss’ Algorithm “tends” to
the Euclidean Algorithm, and it is important to precisely describe this transition. This model “with valuation” was already presented in [13] in a slightly
different context, but not actually studied.
As for the Euclidean algorithm, Gauss’ algorithm is better understood when
viewed as a dynamical system. The gaussian dynamical system is specified by
a triple (B, F, U ), where F ⊂ B ⊂ C and U : B → B is a function to be iterated
starting from a point of B \ F and stopping when the current point falls into F.
The domains B \ F and F are called input and output domain, respectively. In
figure 3 we give two examples of gaussian systems.

Our results
A natural question is: given a probability density on the input domain B \ F,
what is the induced density on the output domain F? This is the first question
we answer: this density is related to a classical object of the theory of modular
forms, namely the Eisenstein series.
The second question is related to the properties of the output basis provided
by the algorithm. Suppose we are given a basis (u, v) as input and a basis (û, v̂)
as output. We are interested in the probabilistic description of the following
parameters:
s
λ(u, v)
?
λ(u, v) := |û|
µ(u, v) := |v̂ |
γ(u, v) :=
.
µ(u, v)
The first one coincides with the length of a shortest nonzero vector of L(u, v)
and it is typically called first minimum. The second stands for the length of the
orthogonal projection of a vector realizing the second minimum, on (span{û})⊥ .
The third parameter is called Hermite’s defect, and it is invariant by scaling of
the lattice. They all play a fundamental rôle in a detailed analysis of the LLL
algorithm. We describe the level sets for parameter µ (for λ and γ they were
described in [7]), and we provide sharp estimates for the distribution of λ, µ
and γ.
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Figure 3: Fundamental domains for two gaussian dynamical systems. The ase (z) := sign(<( 1 ) −
sociated transformations are U (z) := − z1 − b−<( z1 )e and U
z
1
1
1
b<( z )e)( z − b<( z )e).
We finally consider various parameters which describe the execution of the
algorithm (in a more precise way than the number of iterations), namely the so–
called additive costs, the bit-complexity, the length decreases, and we analyze
their probabilistic behaviour.
Along the papers [14] and [15], we explain the rôle of the valuation r, and
the transition phenomena between the Gauss Algorithm and the Euclidean algorithms which occur when r → −1.
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